Abstract-In this paper, we compare the capacities achieved by space-time water-filling and spatial water-filling for MIMO fading channels. Both the effects of fast fading and shadowing are considered. It is found that for Rayleigh fast fading MIMO channels, the spectral efficiency per antenna achieved by onedimensional spatial water-filling is close to two-dimensional space-time water-filling. However, with log-normal shadowing, space-time water-filling achieves significantly higher capacity per antenna than spatial water-filling at low to moderate SNR regimes. Furthermore, space-time water-filling has lower computational complexity than spatial water-filling. It is also shown that space-time water-filling requires a priori knowledge of the channel gain distribution, and for Rayleigh channels with lognormal shadowing, the spectral efficiency advantage over spatial water-filling comes with an increased channel outage probability.
I. INTRODUCTION
MIMO communication systems exploit the degrees of freedom introduced by multiple transmit and receive antennas to offer high spectral efficiency. In narrowband channels, when channel state information is available at the transmitter and instantaneous adaptation is possible, the capacity achieving distribution is found by using the well-known water-filling algorithm [1] [2] . With only average power constraints, a two-dimensional water-filling in both the temporal and spatial domains is required [3] [4] . By studying the empirical distribution of the eigenvalues of Gaussian random matrices [1] , twodimensional water-filling for Rayleigh MIMO channels [3] [4] can be transformed into one-dimensional water-filling for a time-varying SISO channel [5] . Although the ergodic capacity in MIMO Rayleigh fading channels is well understood, the capacity in MIMO Rayleigh fading channels with shadowing effects has not been evaluated. Furthermore, while [1] - [4] have studied either spatial or space-time water-filling, the capacity gain of space-time water-filling over spatial water-filling has not been studied.
In this paper, we perform a comparison between spacetime water-filling and spatial water-filling for certain MIMO fading channels. We consider the Rayleigh fading channel as well as a mixed channel that includes both Rayleigh fading and shadowing effects. It is shown that for Rayleigh channels without shadowing, space-time water-filling gains little in capacity over spatial water-filling, while for Rayleigh channels with shadowing, space-time water-filling achieves higher spectral efficiency per antenna over spatial water-filling. Space-time water-filling, however, improves the spectral efficiency with a tradeoff of significantly increased channel outage probability. In either case, space-time water-filling has lower computational complexity than spatial water-filling.
II. SYSTEM MODEL
The symbolwise discrete-time input-output relationship of a narrowband MIMO system can be simplified as
where x and y are the transmitted and received symbol vector, respectively; v is the additive white Gaussian noise vector, with variance E[vv † ] = σ 2 I, and (·) † denotes the operation of matrix complex conjugate transpose; H is a MIMO channel of size M × N , where M and N are the numbers of antennas at the receiver and transmitter; and h m,n denotes the channel between transmitter antenna n and receiver antenna m. In richscattering environments, when the antenna spacing is larger than the coherence distance, h m,n can be modeled as i.i.d. complex Gaussian random variables [1] . Such complex MIMO channels are named Rayleigh fading channels. Other nonphysical and physical MIMO channel models can be found in [6] . In this paper, we only consider MIMO systems with equal numbers of transmit and receive antennas, i.e. M = N .
III. WATER-FILLING IN SPACE
Spatial water-filling for MIMO Rayleigh fading channels was presented in [1] . Channel state information is assumed to be available at the transmitter and power adaption is performed with a total power constraint for each channel realization. The capacity problem can be represented as
subject to tr(Q) ≤ P where H is the MIMO channel; Q is the autocorrelation matrix of the input vector x, defined as Q = E[xx † ]; P is the instantaneous power limit; and |A| denotes the determinant of A. 
The water-filling algorithm for time-varying single-inputsingle-output (SISO) channels is fully discussed in [5] . The problem can be expressed as
where η is the channel gain; h(η) is the probability density function of η in time domain; σ 2 is the AWGN noise variance; and P is the average power limit. The optimal power adaptation p(η) is
where the value of Γ (h) 0
can be found by numerically solving
The problem of two-dimensional space-time water-filling for Rayleigh MIMO channels was presented in [3] [4] , and can be formulated as
where H and Q have the same meanings as in (2); P is the average power constraint; and E H [·] denotes that the expectation is carried over H. In the rest of the paper, we will omit the random variable in the expectation notation for simplicity and the random variable to which the expectation is performed can be inferred from context. Notice that
where λ k is the kth unordered eigenvalue of H † H; λ denotes any of them; and p(λ) denotes the power adaption as a function of λ. Hence (6) can be transformed to a similar problem as in (3) as following
where f (λ) is the empirical eigenvalue probability density function, which is given in [1] . The optimal power adaption
is found numerically to satisfy the average power constraint in (8) .
The empirical eigenvalue distribution of H † H is available in the literature [1] as
where (9) by integrating out all other eigenvalues in the unordered joint eigenvalue distribution of H † H [1] , where H is a complex Gaussian random matrix. In this paper, we provide an alternative approach to get the empirical eigenvalue distribution.
Our approach starts from the ordered joint eigenvalue distribution of H † H, which is given in [9] [1] as
where
The empirical distribution is defined to be the probability that an eigenvalue is smaller than a certain threshold z. Its CDF can be expressed as
Closed form result for (11) exists and symbolic software such as Mathematica can help to perform the integration, followed by differentiation to get the pdf f (λ). For example, when M = 2, we get f (λ) = e −λ 1 2 λ 2 − λ + 1 , which agrees with (9).
V. SPACE-TIME WATER-FILLING WITH SHADOWING
A typical wireless channel model can be decomposed into three factors: pathloss, shadowing, and fast fading. Pathloss describes the average received signal power. Shadowing models the effects of large objects in the far field. Fast fading mainly results from the constructive and destructive waves from objects that are wavelengths away from the receiver. Since pathloss is relatively constant if the location of the mobile doesn't change much, the channel variation comes mostly from shadowing and fast fading. A Rayleigh MIMO channel with shadowing effects can be modeled as
where H is the Rayleigh MIMO channel, which captures the characteristics of fast fading; s is a log-normal random variable representing the shadowing effect; and H c denotes the composite channel. Notice that log-normal shadowing models the channel power variation from objects on large spatial scales, hence the square root of s is used in (12). Furthermore, it is assumed that the shadowing value s equally effects all elements of H, and s is assumed to be independent of H.
With the MIMO channel modeled as in (12), the ergodic capacity can be expressed as
The space-time water-filling algorithm needs to use the effective channel gain, defined as t = sλ, to find the optimal power adaptation. Since 10 log 10 s ∼ N 0, ρ 2 , by a simple change of variables, the pdf of s can be written as 
Furthermore, s is independent of H, hence s is independent of λ. The cdf of t can be calculated as
Differentiating G(t) with respect to t, we obtain the pdf of t, which includes both large and small scale fading effects.
With g(t) available, the optimal cutoff value Γ (g) 0 can be found by numerically solving
and the ergodic capacity can be expressed as Fig. 1 shows the pdf of λ and t for a 2 × 2 MIMO system with and without log-normal shadowing (ρ = 8). For λ, t Probability Density Functions with shadowing ρ=8, g(t) without shadowing ρ=0, f(λ) Fig. 1 . Part of the probability density functions of the effective channel gain for 2 × 2 Rayleigh MIMO channels with and without log-normal shadowing.
notational simplicity, we denote the pure Rayleigh fading case as ρ = 0. For MIMO channels with shadowing, the distribution of the effective channel gain t has a much heavier tail than the distribution of λ. So larger spectral efficiency can be achieved with g(t), because the likelihood of having good channels is higher.
From (15) and (16), the calculation of g(t) requires the empirical eigenvalue distribution f (λ). However, even for medium-sized MIMO systems, e.g. M = 4 or 6, the calculation of f (λ) in (9) for H † H is computationally intensive, and the resultant f (λ) is too complicated to handle in closed form. Therefore, an approximation to f (λ) shall be utilized to simplify the calculation of Γ (g)
0 . An interesting property of Gaussian random matrices is that the distribution of λ/M has a limit as the number of antennas increases [1] . In other words, the empirical eigenvalue distribution f (λ) can be approximated as
as M → ∞. Simulations show that this approximation holds well even for medium-sized MIMO systems, e.g. M = 4 or 6. With (19), for Rayleigh fading channel with shadowing variance ρ, Γ
0 can be found by numerically solving Carlo simulations: (1) space-time water-filling; (2) waterfilling in space only; and (3) equal power distribution. In all simulations, the total instantaneous or average power P is set to be 1; the Rayleigh MIMO channel has variance of 1 2 for both real and imaginary parts; and shadowing effect is lognormally distributed with standard deviation of ρ = 8 [8] . Fig. 2 shows the spectral efficiency per antenna for a 2 × 2 MIMO system in Rayleigh channels with and without shadowing. For Rayleigh channels without shadowing, spatial water-filling achieves almost the same capacity as spacetime water-filling. For Rayleigh channels with shadowing, the space-time water-filling algorithm achieves approximately 0.15 bits/s/Hz/antenna over spatial water-filling for low SNR, and has a 1.7 dB SNR gain over equal power distribution at spectral efficiency of 2 bits/s/Hz/antenna. We also simulated for larger size MIMO systems such as M= 30. The capacity per antenna for the 30 × 30 system is very close to those in Fig. 2 . Notice that the average channel power is increased with the introduction of shadowing, but this does not effect the comparison between space-time and spatial water-filling. Tables I and II list the optimal cutoff thresholds for 2 × 2 and 30 × 30 Rayleigh channels with and without log-normal Tables I and II , the columns P sim show the average power obtained in Monte Carlo simulations. If the cutoff value Γ 0 is calculated exactly, then P sim shall equal P . For the 2 × 2 system, the exact empirical eigenvalue distribution in (9) is used to calculate the cutoff value, while for the 30 × 30 case, the approximated empirical eigenvalue distribution in (19) is utilized to simplify the calculation of Γ 0 . In either case, the cutoff values are very accurate from the fact that the simulated P sim has less than 0.25% relative error compared to P . Fig. 3 shows the ergodic capacity for MIMO systems of different sizes. The cutoff values are evaluated with the approximated empirical eigenvalue distribution in (19), and they are shown in Table III , along with the simulated average power P sim . Again, P sim is close to P with relative error less than 1.25%.
We also compare the main advantages and disadvantages of space-time water-filling vs. spatial water-filling, which are summarized in Table IV . Space-time water-filling has lower computational complexity than spatial water-filling, because for space-time water-filling, only the cutoff threshold needs to be pre-computed, while for spatial water-filling, the optimal power distribution needs to be found for each channel realization. On the other hand, the two-dimensional algorithm requires a priori knowledge of the channel eigenvalue distribution in order to calculate the optimal cutoff threshold. Furthermore, the higher capacity achieved by two-dimensional water-filling comes with the tradeoff of a larger channel outage probability [3] , which is defined as the probability that the largest eigenvalue of H † H is smaller than σ 2 /Γ 0 . Fig. 4 shows the channel outage probability for 2 × 2 Rayleigh channels with and without shadowing, and 30 × 30 Rayleigh channels with shadowing effects. The simulation is performed over 10 7 channel realizations. A general observation is that when the number antennas increases, the channel outage probability decreases. The outage probability for 30 × 30 Rayleigh channels is zero from simulations and hence is not shown in Fig. 4 . Another observation is that for Rayleigh channels with log-normal shadowing, the outage probability increases significantly compared to the pure Rayleigh fading case. The reason is that shadowing changes much slower than fast fading and it effects all eigenvalues of H † H. Hence the distribution of the shadowing variable dominates the outage probability. Due to the high channel outage probability, the transmission of space-time water-filling is similar to block transmission. For spatial water-filling, the transmission mode is continuous since for every channel realization, the transmitter always has power to transmit.
VII. CONCLUSION
In this paper, we compare the capacity performance of two-dimensional space-time water-filling vs. one-dimensional spatial water-filling. Numerical results illustrate that while the capacity difference is negligible for Rayleigh fading channels, space-time water-filling has an advantage when large-scale fading is taken into account. In all cases it is simpler to compute the solution for space-time water-filling because it avoids the cutoff value calculation for each channel realization, but it requires knowledge of the channel distribution. The spectral efficiency gain of space-time water-filling over spatial water-filling is also shown to be associated with a higher channel outage probability. Hence space-time water-filling is more suitable for burst mode transmission when the channel gain distribution has a heavy tail, and spatial water-filling is preferred for continuous transmission when the channel gain distribution is close to Rayleigh or is unknown.
